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Abst rac t - -The  fuzzy symmetry concept developed by us for planar forms (using a Fourier analysis 
of the form's contour function R(~), [1]) is applied to ensembles ofpoints. We calculate misfit values 
A (inversely proportional to the degree of symmetry) for a form (point ensemble) with respect o 
arbitrary transformations or even whole symmetry groups. On this basis, symmetry properties of 
forms lying on a surface within a suitably chosen form space can be illustrated by a misfit landscape. 
Likewise, a form transition can be characterized by the misfit profile along its trajectory in such a 
form space. These misfit profiles or landscapes can visualize and quantify hidden symmetry properties 
of forms. (~) 1999 Elsevier Science Ltd. All rights reserved. 
Keywords - -Fuzzy  symmetry, Point ensembles, Symmetry profiles. 
1. INTRODUCTION 
In a previous paper [1], we introduced a fuzzy symmetry concept for planar forms (figures) which 
was based on a Fourier analysis of the contour function R(~a) of the form. The fuzzy symmetry 
has been measured by a degree of symmetry 0 < 6 < 1 which can be calculated for arbitrary 
symmetries so that the traditional symmetry group symbol has to be replaced by a symmetry 
spectrum containing the degrees of symmetry of the form under consideration with respect o all 
interesting symmetry groups. 
In general, a form or figure can be defined in different ways (cf. [2]) 
(i) as an open or closed subset of R",  
(ii) as the boundary set of such a closed subset, 
(iii) as an ensemble (a set) of points. 
Here we use the third possibility. We develop a method for calculating a degree of symmetry or a 
misfit value (which is inversely proportional to the degree of symmetry) for ensembles of points. 
As examples we take planar figures, but the generalization to n dimensions is straightforward. 
2. METHODICAL CONSIDERATIONS 
As has already been stated, we consider a form or figure ~" as an ensemble of points 
Y = {P1 . . . .  ,PN} (1) 
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and characterize it by the Cartesian coordinates of its points 
= (xl, y l , . . - ,  xN,yN).  (2) 
These coordinates span a form space Fr, corresponding to an R 2N 
F, = {(xl, y l , . . . ,  xN, YN)}. (3) 
A transformation G of the form will then give a form 7 
~ '  = a .9  v = {P~, . . . ,P~}.  (4) 
To characterize the misfit or distance between ~" and 9 v~, we define a distance measure A as 
the minimum sum of distances between pairs of points (Pk, P~,). Here, P~, is the transformed 
point assigned to P~. For the sake of uniqueness we must choose a one-to-one assignment of 
the transformed points to the original ones. Since the assignment may change during a form 
transition (as we will see), we proceed in the following way. First, we calculate the distance 
matrix D containing the distances fbr all pairs (P~, P~) of original/transformed points 
/ dll 412 ... diN 
D-  [d,j] = [ d21 . . . . . . . . . . . .  d22 " ' "  d2g I , d~j=P,P~. (5) 
\ dN1 dN2 ... dNN ] 
Then we check all N[ possible assignments between original and transformed points. These 
assignments are laid down in assignment matrices A,. (Note that the set of assignment matrices 
is identical with the set of permutation matrices for that N value.) As an example, for N : 3 
we have the following six assignment matrices: 
( 00) (i0i) AI= 0 1 0 , A2= 0 , A3= 0 , 
0 0 1 1 0 
(~) (!1o) (i o i) (i o!) A4= 0 1 , As= 0 , A6= 1 . 
0 0 1 0 
The distance sums a~. are defined by 
N 
d" = E dk, dk = PkP~,, k,k' e {1 . . . . .  N}, s = 1, . . . ,  N[, (7) 
k---1 
where the correlation between the vectors of indices for transformed (k ~) and original (k) points 
is given by the assignment relation 1
k', = A , .  k, k = (1, . . . ,  N) T. (8) 
Then the distance sums for the N! assignments can be calculated from 
d, = t r (Aa.D) ,  s = 1, . . . ,N! .  (9) 
1Seen another way, k and k ~ are the two rows of a permutation f the N indices. 
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Figure 1. (cont.) 
After that, we can determine the misfit A as the minimal distance sum (divided by N to get rid 
of the dependence on the number of points) 
A=Nmin  , : s= l , . . . ,N!  . (10) 
Furthermore, we can generally calculate the misfit not only for a single transformation but also 
for a symmetry group G = {G1, . . . ,  Gg} of order g 
1 g 
A(G) = ~ ~ A(Gh), (Ii) 
where we take the misfit for the group as the arithmetic mean of the misfit values for all elements 
of the group (we used this definition already in [3]). 
In several cases, it is possible to determine a maximum misfit Amax among all forms to be 
compared and thus also a degree of symmetry 6 
A 
= 1 - (12)  
However, in the form transitions considered here, Amax cannot be determined or would be badly 
founded, so we use the misfit A as a (negative) indicator for the degree of symmetry. 
3. M ISF IT  PROF ILES  FOR TRANSFORMATIONS OF  FORMS 
If we calculate the misfit for a given form Y under a transformation which contains a free 
parameter, then we get a misfit profile for the variation of that parameter. As examples, we 
consider the rotation R~ about the origin through an angle ~ or else a reflection Se in a line 
forming an angle e with the x axis 
R~= \s in~ cos~ ' sin2e -cos2e  " 
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Figure 2. Misfit profiles A _-- I(~0) for a rotation of the linear forms of equation (15) 
for q = 0,0.25,0.5,0.75,1.0 (a; from top to bottom), and for the triangles of equa- 
tion (16) (b-d). In (b) we have q = 0,0.15,0.3,0.45,0.6 (from top to bottom), 
in (c) the range is q -- 0.6,0.8,1.0, 1.4, x/3 (at 120 ° from top to bottom), and in (d) 
q -- V~, 2.0, 2.5, 3.0, 4.0 (from bottom to top). 
A misfit profile for the rotation of an equilateral triangle 
Te = (2,0,-1, v~, -1 , -v~)  (i4) 
is displayed in Figure la. It shows the threefold symmetry of the form giving zero misfit after 
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Figure 2. (cont.) 
every 120 °. As an addition, Figure lb shows the numbers s of the assignments (cf. the matrices 
in equation (6)) giving the minimum distance sum. As can be expected, the optimal assignment 
changes at 60 °, 160 °, and 300 °, the distance sum values at these angles being equal for two 
assignments. 2 
2Note that the jump to a different optimal assignment may cause a k ink in the misfit profile. 
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Figure 3. Misfit spectra A = f(n) with respect o the rotation groups Cn for the 
triangles of equation (16) with q = 3.0, 2.0 (a, from top to bottom), q = ~ (b), 
q = 1.0 (c), q = 0.5, 0 (d, from bottom to top). 
Figure 2a displays the variation of the misfit profile for rotation in a form transition embracing 
linear forms 
.T(q)=(2,0,-l+q,O,-1-q,O), q=O . . . .  ,1. (15) 
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Figure 3. (cont.) 
This is a transition from a symmetric linear form (Ls, a q = 1) to a degenerate form with 
two coinciding points (/;a , q = 0). Here, Z;s shows a simple profile comparable to that of the 
equilateral triangle (Figure la): the existence of two maxima and two minima in the angle interval 
3For the names of the forms, compare Figure 6. 
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Figure 4. Misfit landscapes A = ](kx,k~) and corresponding contour plots for the 
transformation of the triangles in equation (16) by a similitude. The parameters q 
of the triangles are: q = 4.0 (a,c), q = 0 (b), and q = 0.5 (d), see text. 
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Figure 4. (cont.) 
[0, 27r) is indicative of the C2 symmetry 4 of the form, and the zero misfit at 180 ° shows that this 
symmetry is perfect. In the form transition, the misfit profile remains unaltered in the region 
between 0° and ±90 °. This is due to the similarity of the paths of P1 • • • P3 in the different forms. 
However, the profile becomes dependent on q around 180 ° indicating that the C2 symmetry is 
no longer perfect since P2 and P3 deviate more and more from their "ideal" positions in £:s. For 
all forms except La, the optimal assignment in the region ~ = 90 ° . .. 270 ° is A6. Therefore, the 
increasing misfit at ~ -- 180 ° for the transition Z:s ~ £a  can easily be understood : P1P~, P2P~, 
and P3P~ are all zero for £:s but steadily grow for an increasing distance of the form from/:s.  
Figures 2b-2d display the variation of the misfit profile for rotation in a form transition between 
triangles 
~'(q) = (2, 0 , -1 ,  q, -1 ,  -q) ,  (16) 
4For symmetry  elements and symmetry  groups, we use a slightly modified Schoenflies notat ion (cf. [4]): for planar 
figures, Cn indicates an n-fold rotation point with a rotation angle of ~ = 21r/n. The  corresponding rotation 
group is denoted by Cn.  A mirror line forming an angle e with the x axis is denoted by aE. For "dihedral" groups 
containing a Cn and n mirror lines we use the symbol  Cnv (cf. [5]) in contrast  o other authors  (e.g., [6,7]) who 
prefer Dn  (which is, however, defined in a way differing from three-dimensional  Dn  groups).  
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Figure 4, (cont.) 
with q ranging from q = 4 (an isosceles triangle with an inner angle C~ 1 • 60 °, forms Ti") down 
to q = 0 ( the/ :a  form). For q = x/~, we have an equilateral triangle, Te, and for q < x/3 we get 
isosceles triangles with a l  < 60 ° (forms Ti'). The/ :a  form has the misfit profile already shown 
in Figure 2a. With rising q a third maximum emerges and becomes increasingly pronounced 
(Figure 2b). At higher values of q the three maxima are maintained, but the two local minima 
progressively approach zero misfit indicating that the C3 symmetry becomes perfect for q = v/:J 
(Te, Figure 2c). For even higher q values (forms TIP'), these minima and the central maximmn 
are increasingly flattened out, and in the end, the misfit profile tends to become two-peaked 
(Figure 2d). This is caused by the form approaching a second linear shape: the three points 
arranged linearly on a vertical ine. 
From the misfit profiles we may derive misfit spectra A = f(n) for the rotation groups C~. For 
the examples discussed here, these misfit spectra replace the symmetry spectra of forms. Misfit 
values for the rotation groups are calculated from equation (11), and the misfit values for the 
individual rotations are taken from the misfit profile. Figure 3 shows the variation in the misfit 
spectra for the form transition described in equation (16). Going from Ti" forms (Figure 3a) to 
the equilateral triangle Te, we see the approach of the forms to a threefold symmetry, reached 
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Figure 5. Misfit landscapes A = f (~,k )  and corresponding contour plots for the 
t rans format ion  of the  t r iang les  in equat ion  (16) by a ro to -d i la ta t ion .  The  parame-  
ters  q of the  t r iang les  are: q = v"3 (a,c), q = 1.0 (d), q = 0.5 (b,e), and  q = 0 (f). 
Fuzzy Symmetries 101 
.u 0 
-1  
g • 
0 90 180 270 360 
phi  (deg.) 
(c) 
Figure 5. (cont.) 
with zero misfit for n = 3 in Figure 3b (Te). When walking further from •e through ~'i' forms 
to the linear form £a (Figures 3c and 3d), the min imum of the misfit spectrum at n = 3 is 
completely removed, indicating that C2 becomes the symmetry which is best approximated by 
the •a form (the absolute min imum for C, symmetry is trivial). 
Misfit profiles can be calculated also for the reflection S~ of forms in a mirror line with varying 
orientation 6 (vide supra). For the form transitions described by equations (15) and (16), these 
profiles are identical with the rotation profiles for the same form transitions (Figure 2). In general, 
we may also calculate the misfit values for the dihedral symmetry groups Cnv by a combination of 
data from rotation and reflection profiles. Since for the form transitions discussed here, rotation 
and reflection profiles are identical, the spectra of Figure 3 are also valid for the corresponding 
Cnv symmetries. 
It is not necessary that the transformation applied to a form be orthogonal. The method 
described here is likewise valid for affine or other transformations. This will be demonstrated for
a similitude K (cf. [8]) and for a roto-dilatation D~ with the transformation matrices 
K=(kx O) D~=(kcos(p -ks in~ (17) 
0 k u ' ksin~ kcos~ ] '  
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Figure 5. (cont.) 
In Figure 4, the misfit values for different riangles of the series of equation (16) are plotted 
versus the scale factors kx, k~ of the similitude. For q > v/3 (forms ~'i", Te), we have two 
distinctive minima (zero misfit) for the identity (kx = ky = 1) and for the reflection in the x axis 
(kx -- 1, ky = -1)  which are symmetry operations of the forms (Figures 4a and 4c). In contrast, 
the reflection in the y axis (kz = -1,  ky -- 1) and the 6"2 rotation (kx = ky = -1)  result in a 
considerable misfit, but they are not prominent in the. misfit landscape. For decreasing q (forms 
Ti ' ) ,  two shallow local misfit minima develop near kx = -0.5, ky = =kl (Figure 4d). In the 
extreme case--for the linear form £a- - the  misfit landscape becomes independent of ky since the 
figure does not extend in the y direction (Figure 4b). Here we have a local misfit maximum with 
A ---- 1.3 at k~ -- 0, where the transformation projects all points of the form into the origin of the 
plane. The local minimum is then at kx --- -0.5 giving the form £a ' = ( -1 ,  0, 0.5, 0, -0.5, 0) with 
a misfit of A _-- 1. Changing k~ around this value shifts the transformed points in a way that in 
any case increases the misfit. 
For the roto-dilatation D~, applied to the equilateral triangle Te  (Figures 5a and 5c), we find 
for k = 1 the threefold periodicity which is already seen in Figure la. For k = -1  (giving an 
additional C2 rotation), the periodicity is shifted by 180 °. During the form transition :re --~ 
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Figure 5. (cont.) 
Ti '  ~ £a, two of the three minima and one maximum are progressively flattened out (Figures 
5b, 5d, and 5e) tending to a landscape having only two minima and two maxima for positive and 
negative k, respectively (Figure 5f). This is due to the fact that/~a is nearer to C2 symmetry 
than to C3 (cf. the spectrum in Figure 3d). However, the second minimum not being at zero 
misfit shows that the C2 symmetry is not perfect. Note that the second minimum (at 180 °) shifts 
from k = 1 to k = 0.5 which gives a misfit A = 1 in contrast o A = 1.:] at k = 1. 
4. MISF IT  LANDSCAPES OVER FORM SPACE PLANES 
Choosing a two-dimensional form space (or a surface in a higher-dimensional space), we can 
calculate misfit landscapes (instead of symmetry landscapes) for forms with respect o arbitrary 
symmetry operations or symmetry groups. An example is given in Figures 6 and 7. Here we 
consider triangles whose centroids lie in the origin of the coordinate system. Furthermore, the 
triangles are chosen in a way ensuring that they lie on a hypersphere in the form space Fr (strictly 
speaking, in a distance of unity from the origin of that space). We impose the following conditions 
on the triangles: 
~/x 2+y~+x 2+y2+x 2+y2 = 1, (18) 
04 A .E .  KOHLER 
2 i 
x 0 
-1  
phi (deg.) 
(f) 
Figure 5. (cont.) 
Figure 6. The most prominent (+) figures projected into the (x, y) plane, see text. 
Single points of the forms are denoted by a heavy dot, double points of the degenerate 
form ,Ca have been circled. 
Fuzzy Symmetries 105 
misfit 0.5 
0.2~ / 0.5 
-0.5 
0 -0.5 
x 
0.5 
-i 1 
(a) 
Figure 7. Misfit landscapes A _- f(x,y) and contour plots for the shape plane of 
triangles (described by equations (18) and (19)) for the rotation symmetry groups 
C2 (a,b), C3 (c,d), and C4 (e,f). 
X 1 + X 2 + X 3 = 0,  Yl + Y2 + Y3 ---- 0, Yl ---- 0. (19) 
Whereas the first and second conditions in equation (19) prevent a translation, the last condition 
suppresses the rotation of the forms. In effect, the remaining variability corresponds to a pure 
shape varihtion of the triangles. 
As variable parameters, we choose x = x2 and y = Y2. Then we get for xl 
1( ) 
xl = ~ -x=hx/2 -3x  2 -4y  2 , (20) 
whereas x3 and .Y3 can be calculated from the centroid conditions in equation (19). The coordi- 
nate Xl is defined within an ellipse in the (x, y) plane with the borderline points (±v/~,  0) and 
(0, +v~) .  In the {(x, y, xl)} space, the xl values define a skew ellipsoid. We will denote tri- 
angles whose Xl values are calculated with the + sign in equation (20) as "(+) forms", otherwise 
we will speak of "(-) forms". 
A sketch of the most prominent (+) forms projected into the (x, y) plane (the shape plane for 
the triangles having unit distance from the origin of the form space) is shown in Figure 6. It 
shows that in the origin we have an £s form, and on the positive and negative x axis we go 
through unsymmetrical forms to £a = (=t=%/~, 0), to different £s forms (+X/~,  0) and at the 
borderline of the accessible region of the plane anew to £a forms (+x/~,0) .  The rest of the 
plane region is filled with unsymmetrical triangles except 
(i) two equilateral triangles Te + = (x /~,  O,- x/i-/12, +0.5 , -  ~ ,  T0.5), each with a side 
length of unity, 5 and 
5The coordinates of these triangles can be easily calculated from those of Te (equation (14)) by normalizing them 
to a unit distance of the form from the origin of the form space Ft. 
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F igure  7. (cont.) 
(ii) a semicircle with radius ~/~ in the mght half of the plane, containing •s forms. This 
semicircle continues within the (-) form side of the ellipsoid mentioned above in the left 
half of the (x, y) plane. 
Misfit landscapes above the shape plane (x, y) for the triangles are shown in Figure 7 for the 
rotation groups C2, C3, and C4. 
In the landscape for {22 symmetry (Figures 7a and 7b), we find global minima (A(C2) = 0) 
for the forms having a crisp C2 symmetry (cf. Figure 6) 
(i) the central £:s form, 
(ii) for the semicircular line of £s forms, 
(iii) for the singular £s form at ( -X /~,  0). 
The Ca forms on the x axis (and likewise unsymmetrical triangles outside the x axis) correspond 
to the walls around the central hollow in the misfit landscape. 
The landscape for C3 symmetry (Figures 7c and 7d) can also be understood from the informa- 
tion contained in Figure 6. The £s forms correspond here to local minima. On the other hand, 
the two equilateral triangles Te + (vide supra) give rise to zero misfit hollows in the landscape. 
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Figure 7. (cont.) 
The overall structure of the shape plane laid down in Figure 6 can also be seen in the misfit 
landscape for C4 symmetry (Figures 7e and 7f). The /:s forms give again minima separated 
by peaks caused by the £a forms. In contrast o Figure 7a, the triangles around the origin 
have lower A(C4) than A(C2) values so that the crater-like landscape of Figure 7a changes to a 
saddle-shaped one on going to higher n values. This trend continues for n = 5, 6 (not shown). 
For the (-) forms we get misfit landscapes which correspond to mirror images (reflected in 
the y axis) of the pictures of Figure 7. 
If the form transition is chosen to have a special trajectory in the form space, then the misfit 
profile for such a path can be calculated easily. Examples are shown in Figure 8. The misfit 
profiles for C2 and C3 symmetry along the x-axis of the shape plane (cf. Figures 7~7d) are 
displayed in Figures 8a and 8b. They give global or local minima for the £s forms (cf. Figure 6). 
Figure 8c shows the misfit profile for 03 symmetry along a linear path from the origin of the 
shape plane (x = 0, form £s) to the equilateral triangle (x = -x/~-/12, form Te +) and beyond 
up to the borderline of the accessible range of (x, y) values. This profile is a very simple one. 
However, we get more complicated profiles along a semicircle in the left half of the shape plane of 
Figure 6 (l~igures 8d-8f). 6 For C2 (Figure 8d) the trajectory contains three £s forms giving zero 
misfit; the marked plateaus of the profile are surprising. For C3 (Figure 8e) we get minima since 
the trajectory runs near the equilateral triangles Te ±. The profile for C4 symmetry (Figure 8f) 
shows kinks due to jumps in the optimal assignment. It is similar to the C3 profile. In both 
cases, the trajectory does not meet forms which have the symmetry tested as a crisp symmetry. 
Hence the profile does not have zero misfit points. 
Of course, misfit profiles can be calculated for arbitrary parameterizable pathways in the shape 
space considered here or in other form spaces. 
6Like in Figure 8c, we use a coordinate of the shape plane as abscissa for the misfit profile. In contrast to Figure 8c, 
for Figures 8d-Sf this abscissa is not linear with respect o the path length of the trajectory. 
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Figure 7. (cont.) 
5. SUMMARY AND DISCUSSION 
We will summarize the main results as follows. 
It has been shown that the concept of fuzzy symmetries developed for forms which have been 
regarded as closed subsets of R n can also be applied to forms (figures) defined as ensembles 
(sets) of points. We defined a suitable distance measure A for the misfit between original and 
transformed figure. Because, for the examples chosen here, the calculation of a meaningful 
maximum value for A was not possible, we used the misfit (instead of the degree of symmetry) 
to characterize the fuzzy symmetry of forms. Correspondingly, misfit spectra have been plotted 
(instead of symmetry spectra) for the figures. 
The misfit profiles presented here are comparable with the symmetry profiles calculated for 
forms (taken as subsets of R 2) in [3] or [9]. They allow a more detailed characterization f a 
point ensemble with regard to its symmetry properties. The misfit profiles give simple hints at 
the symmetry of a figure and at the perfectness of this symmetry. For instance, the number of 
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Figure 8. (cont.) 
peaks 7 in a rotation profile indicates the order n of the rotation symmetry Cn. If there are also n 
zero misfit points at angles of 2~r/n, then the C~ symmetry is perfect, otherwise it is disturbed. 
Forms lying in a surface (or a region of a surface) within a suitably chosen form space F can 
be characterized by a misfit landscape above a plane (or a region of the plane) when the surface 
just mentioned is projected into the Cartesian plane. A form transition can then be visualized 
and characterized by the misfit profile along its trajectory in the form space. 
In contrast o [9], where symmetry profiles have been calculated (among others) by taking the 
degree of symmetry as the relative number of coincidences of pixels belonging to a figure before 
and after a transformation, the method used here is more consistent by including all points of 
the figure into the distance measure s . On the other hand, the method used in [9] is able to 
detect ranslational periodicities in finite figures, unlike the algorithm described here, which for 
a square or other translationally periodic figures gives a misfit landscape (not shown) consisting 
of a simple linear crater without any suggestion of periodicity. 
In sum, the method presented here is able to quantify the fuzzy symmetry of point ensem- 
bles with respect o arbitrary transformations except ranslations. It can also visualize hidden 
"remnants" of a symmetry. This is especially valuable in the quantitative description of form 
transitions. 
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